We propose a novel scheme to efficiently tune the scattering length of two colliding groundstate atoms by off-resonantly coupling the scattering-state to an excited Rydberg-molecular state using laser light. For the s-wave scattering of two colliding 87 Rb atoms, we demonstrate that the effective optical length and pole strength of this Rydberg optical Feshbach resonance can be tuned over several orders of magnitude, while incoherent processes and losses are minimised. Given the ubiquity of Rydberg molecular states, this technique should be generally applicable to homonuclear atomic pairs as well as to atomic mixtures with s-wave (or even p-wave) scattering.
I. INTRODUCTION
Magnetic Feshbach Resonances [1] allow for tuning the strength of interactions in cold gases when the given atomic or molecular species possesses electronic ground states that are sensitive to magnetic fields. Magnetic Feshbach Resonances have been key tools for a number of experimental breakthroughs, including the realisation of strongly-correlated many-body quantum systems [2] , exotic few-body states [3] [4] [5] [6] [7] [8] [9] , the production of cold molecules [10] [11] [12] [13] and molecular BECs [14] [15] [16] . For systems where the ground states are not magnetically sensitive, optical Feshbach resonances (OFR) have been proposed as an alternative to modify the scattering length, where the resonance is created via laser-coupling [17] [18] [19] [20] [21] [22] . This is a promising tool for, e.g., alkaline-earth-type atoms, where excited states can have exceedingly small line widths. For a generic atomic species, however, the utility of this technique is invariably limited by the finite lifetime of the excited molecular states.
In this work, we propose and demonstrate that the scattering length of two colliding ground-state atoms can be efficiently tuned by coupling the two-atom groundstate to an excited Rydberg-molecular state using offresonant laser light.
The ultralong-range Rydberg molecules [23] [24] [25] [26] [27] [28] [29] [30] constitute a special group of molecules, where molecular bonding is provided by the scattering between a Rydberg-electron and a ground-state atom. Coupling a Rydberg molecular state to the two-particle scattering state via laser light results in a Rydberg OFR. Key parameters for any OFR are the optical length and pole strength [22] opt ( ) = Γ stim ( ) γ m √ 2µ (1a)
where Γ stim ( ) and γ m are the stimulated and spontaneous emission rates of the molecular state, respectively,ā is the mean scattering length of the ground state van der Waals potential with a corresponding energyĒ = 1/(2µā 2 ) [31] , is the collision energy, i.e., k( ) = √ 2µ the relative momentum, and µ is the reduced mass [32] . Useful resonances are those for which both opt ( )/ā and s res ( ) are (much) larger than unity, which implies that the ratio of coherent to incoherent processes in the light coupling is large and that the resonance is broad and tuneable, respectively. Using an analytical model as well as numerically exact coupled channel calculations for 87 Rb atoms, we demonstrate that the effective optical length and pole strength of this Rydberg optical Feshbach resonance can be tuned over several orders of magnitude. As a result, the real part of the scattering length can be tuned over a useful range of parameters, while incoherent processes are minimized over timescales as large as tens of milliseconds due to the comparatively small line widths of Rydberg states [33] . Varying the Rydberg principal quantum number, within a range that is experimentally accessible, allows one to obtain results comparable to, or even better than, those obtained with traditional OFR for Sr and Yb atoms, for a broad range of atomic species or mixtures. For several alkali atoms, we provide examples of scaling of parameters within experimentally useful ranges. We note that the generality of the present technique can be extended to other situations, including, e.g., non bi-alkali mixtures or manipulating p-wave scattering by optical means.
The paper is organized as follows: In Sec. II we first describe the proposed technique for Rydberg OFRs, formulated as a three-channel scattering problem. Sec. II A presents the Hamiltonian used to derive the Rydberg molecular states. Sec. II B presents two complementary approaches to solve the scattering problem, based on numerical coupled channel calculations as well as on an approximate analytical estimate of the scattering length in the single-resonance approximation, respectively. The results for the real and imaginary parts of the scatter- In the proposed scheme, sketched in Fig. 1(a) , the collision of two atoms in the presence of the light field is treated as an effective three-channel scattering problem. The entrance channel is a pair of atoms in a s-wave scattering state of the ground-state electronic potential V L (R) with relative energy . Here, we assume that one atom is always 87 Rb(5S 1/2 ) [34] , and the second one is another alkali metal, such as
133 Cs(6S 1/2 ) [36] . The excited channel is a bound state of the adiabatic potential V U (R) of the Rydberg molecule [23] formed by an excited rubidium, Rb(nS 1/2 ), and a ground state atom, which are bound due to the scattering of the Rydberg-electron with the ground-state perturber. The third channel represents the product generated by spontaneous decay. In the calculations, we cautiously estimate the molecular decay rate γ m to be twice the spontaneous emission rate of the atomic Rydberg state [37] [38] [39] . In Fig. 1(a) , the vertical arrow represents the laser light, which couples off-resonantly the scattering state and the excited bound state with (twophoton) Rabi frequency Ω and red detunings δ and ∆ from the chosen molecular resonance and the asymptotic atomic Rydberg energy, respectively, with Ω δ and γ m δ. The off-resonant coupling takes place at the minimum R C of the ultralong-range potential V U (R), which depends on the principal quantum number of the Rydberg state (see the inset of Fig. 2 ) and can be found at distances R C ∼ 10 3 − 10 4 a 0 , much larger than the typical ones for usual OFRs with R C ∼ 10−10 2 a 0 , with a 0 being the Bohr radius.
We assume that the gas is dilute d R C , with d being the average interparticle distance, so that the scattering problem can be described by a mean-field type energy-dependent scattering length α( ). This diluteness assumption is satisfied in cold and ultracold gases, with the maximum density of n 10 12 cm −3 − 10 15 cm −3 [32] , respectively. Here we estimated the principal quantum number-dependent maximum density as n = (2 × R C ) −3 . We further assume that the laser light mainly couples one selected bound state of V U (R), while the other bound states of V U (R) [horizontal lines Fig. 1(a) and Fig. 1(b) ], as well as three-and higher-body resonances [26] , are far detuned from the chosen bound state of the Rydberg molecular potential, a situation that is readily obtained, e.g., for red detuning. Our scheme is useful when the real part of α is much larger than the imaginary part. In are off-resonantly coupled by laser light (vertical arrow) to an eigenstate of an excited Rydberg molecular potential with spontaneous emission rate γm (wiggling arrow). Here, VL(R) and VU (R) are the ground and Rydberg Born-Oppenheimer potentials, respectively [32] . Ω is the laser Rabi frequency, δ the detuning from molecular resonance and ∆ the detuning from the asymptotic atomic Rydberg state energy, and RC the Condon point. (b): Lowest-lying Rydberg molecular Born-Oppenheimer potential [32] (continuous black line) of the Rb(27S 1/2 )Rb(5S 1/2 , F = 1) MK = 1/2 dimer, together with the computed eigenstates of the potential (see text).
the following, we provide detailed calculations that prove that this regime can be readily attained for a variety of situations of experimental interest.
A. Diatomic Rydberg molecular state
For the diatomic Rydberg molecule, we assume that the ground-state atom and the Rydberg core can be treated as point particles. We work on the low-energy regime, in which the interaction between the Rydberg electron and the neutral atom is well approximated by a Fermi pseudopotential [40, 41] . In addition, we include the hyperfine interaction and the fine structure for the ground-state and Rydberg atoms [27, 42] , respectively. Note that we are neglecting the hyperfine interaction of the Rydberg atom because, since its energy decreases as n −3 [43] , it is negligible compared to the other terms in the Hamiltonian. In the Born-Oppenheimer approximation, the Hamiltonian of this diatomic Rydberg molecule readŝ
where,Ĥ 0 is the single electron Hamiltonian describing the Rydberg-atom, and κ is the momentum of the Rydberg-electron, which in the semiclassical approximation is given by κ = 2/R − 1/n * 2 and n * = n − δ , with n being the principal quantum number and δ the quantum defect. The second and third terms are the s-and p-wave Fermi pseudopotential describing the interaction between the Rydberg electron and the groundstate perturber, A T,S s,p (κ) are the non-relativistic energydependent s-and p-wave, triplet and singlet, scattering lengths between the Rydberg electron and the groundstate atom [44] , andÎ T =Ŝ r ·Ŝ g + 3/4 andÎ S =Î −Î T are projectors on the triplet and singlet scattering channels, respectively, withŜ r andŜ g the Rydberg-electron and ground state atom spins, respectively. The last term in the Hamiltonian (2) stands for the hyperfine interaction of the ground-state atom [27] , withÎ g being the nuclear spin of the ground-state atom, and A hf the hyperfine coupling parameter. The total spin of the ground state atom is F = S g + I g , with S g and I g being the electronic and nuclear spins respectively. Due to the azimuthal symmetry, the total magnetic quantum number is conserved M K = M F + M Sr , with M F and M Sr being the magnetic quantum numbers of the total spin of the ground state atom, F, M F = M Ig + M Sg , and the spin of the Rydberg atom S r , respectively.
In our calculations, we consider the Rydberg degenerate manifold Rb((n−3), l ≥ 3), and the energetically closest neighboring Rydberg levels Rb((n−2)d), Rb((n−1)p), and Rb(ns) [45] .
B. The scattering in the light-field
The Schrödinger equation of the scattering between the two ground-state atoms reads
with I being the identity matrix and the potential matrix given by
where V U (R) is the Born-Oppenheimer potential obtained from the diatomic Rydberg molecule Hamiltonian (2), and
2 is the asymptotic light shift, with ∆ being the detuning of the coupling laser having frequency ω L from the atomic resonance, and Ω = Ω 1 Ω 2 /(2δ) is the effective (real) Rabifrequency of the two-photon coupling of the Rydbergmolecule [46] . Here Ω 1 and Ω 2 are the Rabi-frequencies which couple the ground-state and the Rydberg-state to the intermediate state, respectively, whereas δ is the detuning from the intermediate state.
The experimental values of the effective two-photon Rabi frequency Ω for Rb atoms are usually in the range Ω/(2π) 0.1 − 10 MHz.
For the electronic ground-state potential, we use the Lennard-Jones form
8 , where the parameters C 6 , C 8 , and σ are chosen to reproduce the ground-state scattering length of the considered species, see Ref.
[47]. The Schrödinger equation (3) is solved using the Numerov propagator method for
where F j (R, ) represents the amplitude of the wavefunction on the basis function |j [22] . The numerical result of Eq. (3) provides the α( ) scattering length between the two ground-state atoms; taking into account the energy dependence as well as the shifts due to off-resonant coupling of the laser field to all excited states in the Rydberg molecule potential V U (R). As an example of V U (R), we present the lowest-lying adiabatic potential of the Rydberg molecule Rb(27S 1/2 )Rb(5S 1/2 , F = 1) and total magnetic quantum number M K = 1/2 in Fig. 1(b) , which has outer minima around R C ∼800 and 1050a 0 . The lowest-energy eigenvalues of these potential minima are well isolated from the rest of the spectrum, and, in our Rydberg OFR scheme, the laser is off-resonantly coupled to one of these bound states.
As a complementary approach to the coupled channel calculations, the influence of the laser that couples the colliding pair of atoms to the Rydberg bound state on the complex scattering length of these two ground-state atoms can also be analytically estimated within the single resonance approximation as [22] 
with α bg ( ) being the energy-dependent, background scattering length of the two ground state atoms, Γ stim ( ) and γ m the stimulated and spontaneous emission rates of the molecular state, respectively, and k( ) = √ 2µ . This approach allows us to analyze the general features of the scheme for a wide range of principal numbers of the Rb atom, and for different alkali atomic species such as 87 is the zero-energy scattering length of the electron groundstate atom collision, αp is the ground state polarizability, µ is the reduced mass of the molecule, and α bg ( = 0) is zeroenergy scattering length of the two ground-state atoms colliding.
The stimulated emission rate Γ stim ( ) coupling the scattering and excited bound states has the usual form
R is the Franck-Condon factor of the transition between the scattering state ψ L ( R, ) and the bound one ψ U ( R). For the considered free-bound transition, F can be estimated analytically using a harmonic oscillator approximation for the bound state as
with ω(n) being the frequency of the harmonic potential fitted to the outermost minimum of the Rydberg electronic potential (see below). The expression of the Frank-Condon factor shows that it depends not only on the energy but also on R C and on the ground state scattering length of the colliding atoms α bg ( ), the zero-energy value of which is given in Table I . Since R C lies largely outside the molecular core region of the two ground-state atoms, Γ stim ∼ sin 2 [k( )(R C − a bg )] instead of the usual dependence Γ stim ∼ k( ) for scattering at µK temperatures, similar to the behaviour observed in photoassociation of ultralong-range potentials [48] . This implies that Γ stim ( ), and thus opt ( ) and s res ( ), acquire a significant energy dependence (see Eq. (5)).
For the Rydberg molecule Rb(nS 1/2 )X, with X being the ground-state of alkali perturber atoms 87 Rb, 40 K and 133 Cs, the frequency ω(n) and depth E min (n) of the harmonic fit to the outermost minimum of the Rydberg molecular potential, as sketched in Fig. 1 , are presented as a function of the principal quantum number n of the Rydberg excitation in Fig. 2 . For this harmonic fit, the Born-Oppenheimer potential evolving from the Rydberg state Rb(nS 1/2 ) is approximated by the solution of the Schrödinger equation of Hamiltonian (2) in the one dimensional Rydberg manifold Rb(ns). We are assuming that the contributions due to the p-wave Fermi pseudo-potential, the singlet atom-electron scattering, and the neighbouring Rydberg-manifolds could be neglected [25] in this approximation. This analytic approximation reads V U (R) = 2πA being the zero-energy triplet scattering length between the electron and the ground state atom, α p the ground state polarizability of the neutral perturber atom, which are both given in Table I , κ the momentum of the Rydberg electron, and ψ ns ( R) the wave-function of the electron in the ns Rydberg-state. The features of this harmonic fit only depend on the scattering length between the electron and ground state atom, which is of the same order of magnitude for the considered alkali atoms Rb, Cs and K (cf. Table I), on the wave function of the Rydberg electron of Rubidium, and on the Rydberg electron momentum κ. The frequencies ω(n) [entering Eq. (6)] are generally found to be in the tens of MHz range, and to decrease algebraically with n as ω(n) ∝ n −4 and E min (n) ∝ n −6 . Thus, based on the values of ω(n) and E min (n) provided in Fig. 2 , the mixed-species Rydberg molecules formed by a Rb Rydberg atom and Cs or K are expected to have similar features as those presented in Fig. 1 .
In this work, we focus on Rydberg molecules formed from Rydberg states with n 50, as for larger n the energy-difference between the molecular state and the Rydberg atomic state is within the order of magnitude of the Rabi-frequency of the coupling laser, thus the single resonance approximation in Eq. (5) is not applicable.
Parameters of the harmonic approximation of the outermost minimum of Rydberg-molecular state plotted in Fig. 1(b) ω(n) is the frequency of the fitted harmonic potential, |Emin(n)| is the corresponding depth of this potential, RC is the principal quantum number-dependent location of this minimum used in the Rydberg OFR [32] .
III. RESULTS
Useful resonances are those for which the ratio of the real and imaginary parts of α, Re(α) and Im(α), respectively, is much larger than one, while Re(α) differs significantly from the background scattering length α bg ( = 0). Fig. 3 shows that these conditions are fulfilled for a broad range of parameters with Rb atoms. For the electronic potential of Rb(27S 1/2 )Rb(5S 1/2 , F = 1) and Ω/(2π) = 0.5MHz [32] , the scattering length in Fig. 3(a) can be modified by as much as 100 percent by varying δ over a range of detunings as large as δ ∼ 10 2 γ m , implying reduced decoherence from spontaneous emission.
For red detunings, we find that the ratio Re(α)/Im(α) is large over a broad range of parameters. For instance, for δ 50γ m in case of the molecular state Rb(27S 1/2 )Rb(5S 1/2 , F = 1), this would imply Re(α) 2α bg within a timescale of (k 2 n) −1 5ms, where the loss rate constant for ground state atoms is k 2 = 8π( /µ)Im(α) [22] and we estimated the ground-state atomic density as n 10 14 cm −3 [32] .
In contrast, for blue detunings, the presence of higherenergy molecular resonances, i.e., higher excited vibrations inside the Rydberg potential, results in interferences with Re(α) 0, i.e., around δ = 50γ m in Fig. 3 , a behaviour qualitatively similar to that of usual OFRs in the presence of several photo-association resonances in the excited state potential [22] .
The results in Fig. 3 show that the analytical approximation for α( ) (solid lines) is in excellent agreement with the numerical coupled channel calculations in all parameter regimes, which establishes the usefulness of Eq. (5) for Rydberg OFRs; see also opt ( ) in the inset and caption of Fig. 3 . We find that the terms proportional to kΓ stim ( ) in Eq. (5) are crucial to ensure this agreement, which demonstrates the unusually large energy dependence of these resonances.
Good agreement between the analytical and coupled channel results is also obtained for higher Rydberg excitation n, albeit within a smaller range of δ, as presented in Fig. 3(b) for the lowest-lying bound state of the Rydberg molecular potential Rb(40S 1/2 )Rb(5S 1/2 , F = 1). This is due to the smaller energy spacing between eigenvalues of the excited molecular potential for higher Rydberg excitations n. As a consequence, for large δ, the single-resonance approximation tends to fail and α( ) should be obtained using the coupled channel analysis. For red detuning, Ω/(2π) = 0.2MHz [32] and δ = 10γ m , Fig. 3(b) shows that Re(α) can be more than one order of magnitude larger than α bg within a timescale that can be conservatively estimated in the hundreds of microseconds range.
Since our scheme is based on the virtual excitation of a single Rydberg molecular state as opposed to a pair of Rydberg atoms in the known schemes for atomic Rydberg dressing [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] , the average density of the Rydbergexcitations in the ensemble can be kept lower. Consequently, collective decay effects [65, 66] are here expected to be suppressed compared to the two-Rydberg-atoms dressing schemes.
The thermally averaged scattering length is defined as
where α( ) is determined from Eq. (5), and
T is the Maxwell-Boltzmann thermal distribution at temperature T , with k B being the Boltzmann-constant. Fig. 4 presentsᾱ for the lowest lying potential of Rb(27S 1/2 )Rb(5S 1/2 , F = 1) and two prototypical temperatures of cold gases, T = 1 and 5 µK [32] . As this figure illustrates, the thermally averaged scattering length has a very similar detuning-dependence to the scattering length at a well-defined energy. However, due to the asymmetry of the scattering length with respect to energy, c.f. Eq (5), the averaged curves show an asymmetric character in the detuning δ as shown in the insets of Fig. 4 . Similar to Fig. 3(a) , the ratio Re(ᾱ)/Im(ᾱ) can easily reach 100 or more, for a range of parameters that are within a reasonable experimental range. This large ratio establishes the usefulness of Rydberg ORFs to manipulate interactions in a cold dilute atomic gas, which is one of the main results of this work.
The results above can be generalised to a variety of different situations, including mixtures of two different alkali metal atoms, having a negative scattering length for the electron-atom collision [23] . Here, we consider K and Cs as perturbing ground-state atoms with electronatom scattering lengths provided in Table I . Further physical insight can be obtained by using an analytical approximation [23] for the electronic Rydberg potential, which is computed considering only the Rydberg state Rb(nS) and the triplet s-wave interaction between the Rydberg electron and the ground-state perturber. In this approximation, the analytical Rydberg electronic potential is V U (R) = 2πA T s [κ] |ψ ns (R)| 2 , with ψ ns (R) being the Rydberg electron wave-function [45] , and the bound state of its outermost lobe reproduces well the corresponding one of the exact Rydberg electronic potential [23, 25, 26] , in which we are interested.
In order to characterise the Rydberg OFR in an atomic ensemble at finite temperature, we introduce the average pole strength s 1, by increasing the excitation of the Rydberg state n or the Rabi frequency Ω, within a reasonable experimental range. These results are in contrast to, e.g., the measured OFRs in 88 Sr, where s res < 1 and are comparable to the best predicted values for 172 Yb [67] , however they can be obtained for all species, using reasonable experimental parameters.
IV. SUMMARY
In summary, we have proposed a novel mechanism for realising Feshbach resonances in cold gases using Rydberg molecular states. Since these Rydberg molecular states have long lifetimes and are present essentially for any atomic species, having a negative scattering length for the electron-atom collision, we expect that this technique can be directly applicable to a variety of situations where the given atoms do not enjoy magnetic Feshbach resonances. The present work opens up a host of new exciting directions. For example, while here we focus on s-wave collisions between alkali metals, in the future it will be interesting to explicitly address p-wave scattering. It will be exciting to extend this study to alkalineearth-type systems and atomic mixtures trapped in lowdimensional configurations, where even moderate optical tuning of the scattering length could significantly help the exploration of the strongly interacting regime [68] [69] [70] [71] . Coupling three-body and four-body resonances [26] , which are well separated in the Rydberg molecular spectrum, could open the way to the realisation of effective multi particle interactions in cold gases.
